Abstract. We determine surfaces of genus zero in self-dual Einstein manifolds whose twistor lifts are harmonic sections. We apply our main theorem to the case of four-dimensional hyperkähler manifolds. As a corollary, we prove that a surface of genus zero in four-dimensional Euclidean space is twistor holomorphic if its twistor lift is a harmonic section. In particular, if the mean curvature vector field is parallel with respect to the normal connection, then the surface is totally umbilic. Thus, our main theorem is a generalization of Hopf's theorem for a constant mean curvature surface of genus zero in threedimensional Euclidean space. Moreover, we can also see that a Lagrangian surface of genus zero in the complex Euclidean plane with conformal Maslov form is the Whitney sphere.
Introduction
For oriented surfaces in oriented four-dimensional Riemannian manifolds, the twistor lifts play an important role and have been studied by many researchers. For example, in [2] , it is proved that any oriented surface admits a conformal, superminimal immersion into the four-dimensional sphere. The twistor space is endowed with an almost complex structure, which is integrable in case a base manifold is self-dual (see [1] ). Surfaces with holomorphic twistor lifts are called twistor holomorphic surfaces (see [7] ). On the other hand, the author studies surfaces whose twistor lifts are harmonic sections in [8] and [9] . If the ambient spaces are self-dual Einstein, the twistor lifts of twistor holomorphic surfaces are harmonic sections. Note that recently surfaces whose twistor lifts are harmonic sections have been studied from the viewpoint of the integrable systems in [3] and [11] .
In this paper, we prove the following theorem. 
Theorem. LetM be a self-dual Einstein manifold with the scalar curvature τ and M an oriented, connected, compact surface inM with the Euler characteristic χ(T ⊥ M ) of the normal bundle T ⊥ M . If the twistor lift of M is a harmonic section and the genus of M is zero, then we have (1) M is a non-superminimal minimal surface when χ(T
If certain conditions for the curvature tensors are satisfied and the twistor lift is a harmonic section, then the mean curvature vector field is a holomorphic section of the normal bundle with respect to the Koszul-Malgrange holomorphic structure (see [3] , [8] and [9] ). In general, holomorphic sections are not parallel. It is well-known that a compact constant mean curvature surface of genus zero immersed in R 3 is totally umbilic, which was proved by Hopf in 1951. Many researchers generalize this theorem to various forms, for example, higher codimension cases (see [4] ). In these generalized results, the mean curvature vector field is often assumed to be parallel with respect to the normal connection. If the mean curvature vector field is parallel, then the surface is totally umbilic, using the corollary above (see [4] and [10] , for example). Thus our main theorem is a generalization of Hopf's theorem to surfaces with holomorphic mean curvature vector fields. Moreover, we can also show that a Lagrangian surface of genus zero in the complex Euclidean plane with conformal Maslov form is the Whitney sphere (see [5] ).
Preliminaries
Throughout this paper, all manifolds and maps are assumed to be smooth. Let E be a vector bundle over a manifold M and E x the fiber of E over x ∈ M . We write T P for the tangent bundle of a manifold P . For vector bundles E, E over M , we denote the homomorphism bundle whose fiber is the space of linear mappings E x to E x by Hom(E, E ), and set End(E) := Hom(E, E). The space of all sections of a vector bundle E is denoted by Γ(E). Let ϕ : N → M be a smooth map and E a vector bundle over M . The pull-back bundle of E by ϕ is denoted by ϕ # E. Let E be a Riemannian vector bundle with a fiber metric g E and a metric connection ∇ E over an n-dimensional Riemannian manifold (M, g). Let K E : T E → E be the connection map with respect to ∇ E . The canonical metric G on E is defined by
for ζ ∈ T E, where p : E → M is the bundle projection. We note that p :
) is a Riemannian submersion with totally geodesic fibers. Set
The set of all sections ξ ∈ Γ(E) such that ξ(M ) ⊂ UE is denoted by Γ(UE). We assume that M is compact. Let E be the energy functional defined on the space of all smooth maps from M to UE.
We say that ξ ∈ Γ(UE) is a harmonic section (or vertically harmonic) if ξ is a stationary point of E| Γ(UE) . Obviously, if a section is a harmonic map in the usual sense, then it is a harmonic section. For harmonic sections, we refer to [15] .
Next we recall the twistor space and the twistor lift of a surface. Let (M,g) be an oriented four-dimensional Riemannian manifold. The Hodge star operator is denoted by * . Since * 2 = id for all 2-forms, the bundle Λ 2 (M ) of all 2-forms onM is decomposed into
Using the metrics, we can identify
with a vector subbundle Q of End(TM ). We also writeg for the fiber metric of Q. A section φ ∈ Γ(UQ) satisfies
where Ω φ is the fundamental form of φ and dμ is the volume form ofM compatible with the orientation. Note that Q is a parallel subbundle in End(TM ) with respect to the connection which is induced by the Levi-Civita connection∇ ofM . We use the same letter∇ for the induced connection. The twistor space Z overM is the unit sphere bundle UQ of Q. The bundle projection p : Z →M and the connection∇ induce the decomposition
v is the canonical complex structure on each fiber ( the two-dimensional unit sphere). The almost complex structure J Z 1 on the twistor space is integrable if and only ifM is a self-dual manifold (see [1] ). Note that J Z 2 is never integrable.
Let f : (M, g) → (M,g) be an isometric immersion from an oriented surface (M, g) into an oriented four-dimensional Riemannian manifold (M,g). The LeviCivita connection of g is denoted by ∇. Let T ⊥ M be the normal bundle of f and ∇ ⊥ the normal connection of T ⊥ M . We say that an orthonormal frame (e 1 , e 2 , e 3 , e 4 ) of f # (TM ) is adapted if (1) e 1 , e 2 , e 3 , e 4 are compatible with the orientation ofM , (2) e 1 , e 2 are compatible with the orientation of M , (3) e 3 , e 4 are normal to M . Using an adapted frame, we define J : T M → T M by J(e 1 ) = e 2 and J(e 2 ) = −e 1 , and
= −e 4 and J ⊥ (e 4 ) = e 3 . It is evident that ∇J = 0 and ∇ ⊥ J ⊥ = 0. We set
andJ is called the twistor lift of M . Hereafter, we often omit the symbol "f " for the induced objects of the immersion f if there is no confusion for the sake of simplicity. For example, we use the same letter∇ for the pull-back connection f #∇ by f . We say that M is a superminimal surface if the twistor lift is a horizontal map, that is,∇J = 0. IfJ
→ UQ is the bundle map), then M is called a twistor holomorphic surface. See [7] for twistor holomorphic surfaces, for example. On the other hand, M is minimal if and only if it follows thatJ * • J = J Z 2 •J * (see [6] ). Let α (resp. H) be the second fundamental form (resp. the mean curvature vector field) of M . We define a T ⊥ M -valued symmetric tensor B by
for all X, Y ∈ T M. We see that M is twistor holomorphic if and only if B = 0 (see [7] and [8] ). Note that a surface is superminimal if and only if H = 0 and B = 0 (see [7] ). We define a function ρ on M by
where (u 1 , u 2 ) form an orthonormal frame on M that is compatible with the orientation of M . If M is superminimal, then ρ = 0. We summarize the fundamental formulae for surfaces in self-dual Einstein manifolds with the scalar curvature τ which is needed in this paper. These are obtained by a straightforward calculation in [8] . Let K be the Gaussian curvature of M and 
The equality of (2.4) holds if and only if M is twistor holomorphic.
Proof of our main theorem
In this section, we give the proof of our main theorem. To prove the main result, we use some fundamental results obtained in the author's papers [8] and [9] . For
for all X ∈ T M, where (u 1 , u 2 ) is an orthonormal frame on M . WhenM is a self-dual Einstein manifold, we obtain the following facts (see [9] and [16] ).
Lemma 3.1. Let M be a surface in a self-dual Einstein manifold. Then the following statements are mutually equivalent:
(1) The twistor liftJ is a harmonic section. The normal bundle T ⊥ M equips the Koszul-Malgrange holomorphic structure. Therefore, a section ξ ∈ Γ(T ⊥ M ) is holomorphic relative to this structure if and
With respect to the Koszul-Malgrange holomorphic structure, the twistor lift of a surface with holomorphic mean curvature vector field is a harmonic section when the ambient space is self-dual Einstein.
We note that the twistor lift depends on the orientation M (orM ). In particular, a surface is twistor holomorphic with respect to both orientations of M if and only if the surface is totally umbilic. Similarly, whenM is self-dual Einstein, the twistor lifts are harmonic sections with respect to both orientations if and only if the mean curvature vector field is parallel.
We have the following theorem.
Theorem 3.3. LetM be a self-dual Einstein manifold and M an oriented, connected, compact surface inM . If the twistor lift of M is a harmonic section and the genus of M is zero, then we have (1) M is a non-superminimal minimal surface when χ(T
Proof. Let (x, y) be an isothermal coordinate of M and set z = x + √ −1y. Bundles and some of other geometric objects, for example metrics, are extended C-linearly with the same notation. We set ∂ z := (∂/∂z) and ∂z := (∂/∂z). By Lemma 3.1, we see thatJ is a harmonic section if and only if Now we define a quadratic differential q by q = tr(∇ ∂ zJ ) 2 dz 2 . We have
Since, by (3.3),∇ ∂z∇∂ zJ commutes withJ while∇ ∂ zJ andJ anti-commute, we have
and hence, q is holomorphic. Thus q vanishes on genus zero surfaces so thatJ is holomorphic with respect to J then we have
By Corollary 4.1, M is minimal; otherwise M is a non-superminimal twistor holomorphic surface. Hence, for this case, it follows that
In the case whereM = R 4 , we can obtain the following corollary immediately. Since the property that M is twistor holomorphic is invariant under conformal changes of the metric onM , we can obtain many twistor holomorphic surfaces of genus zero in R 4 from superminimal surfaces in the four-dimensional sphere. In general, the holomorphic mean curvature vector field is not parallel. In the case where the mean curvature vector is parallel, using Corollary 4.3, we have the following corollary (see [4] and [10] , for example). Proof. Since the mean curvature vector is parallel, the twistor lift is a harmonic section. Moreover, with respect to the opposite orientation of M , its twistor lift is also a harmonic section. By Corollary 4.3, M is twistor holomorphic with respect to both orientations, and hence, M is totally umbilic.
It is easy to obtain Hopf's theorem for a constant mean curvature surface of genus zero in R 3 by using Corollary 4.4. In fact, by considering the totally geodesic immersion from R 3 to R 4 , the constant mean curvature surface can be seen as an immersed surface in R 4 with parallel mean curvature vector field. Thus our main theorem is a generalization of Hopf's theorem.
Here we recall the Grassmann manifold and the Gauss map. Let G 
